ni1- (* 6-Eck-Netze aus den Kreisen von 3 Kreisbiischeln ,
euklidische Basis 11.02.2022 W.F. *)
po :=1/2%{-1I, 0, 1}
po := {I, 0, 1}
go := {0, -I, 0}
p[u_] :=u”2/2pwo+U=*go+po
p::usage = "Ordnet der komplexen Zahl u die Beriihrgerade p[u] zu";
cfu_, v_] :=Cross[p[u], p[V]]
c::usage = "Ordnet den komplexe Zahlen u,v das Kreuzprodukt [p[u],p[v]] zu";
cgfu_,Vv_]:=1/(U-V) *x (UxVxpo+ (U+V) 80+ 2 po)
cg::usage = "die normierte Verbindungsgerade";
{p9, g0, po, p[z], ComplexExpand[p[X+Ixy].p[x+I*xy]]}
q[x_, y_] := ComplexExpand[p[X + I xy]]
q::usage = "Beriihrgerade zu z=x+iy, x,y als reelle Variablen";
Factor[q[X, Y]]
Det[{px~, g0, pO}]

e~ H%, 0, %}, (@, -i, 0}, (i, 0, 1}, {§+ izz, . 1. i}, e}

1
Out[13]= {—Ji (-1l+x+1y) (L+xX+1iy), —1X+Y,

(-1+X+1Yy) (J'L+X+J'ly)}
2

N |

oui4= 1

nii5:= (*euklidische Basis x)
m:= {pw, g0, po}
MatrixForm[m]

Out[16]/MatrixForm=
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=
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ni71= (% Skalarprodukt-Tabelle «)
MatrixForm[Table[m[[i]].m[[j]], {i, 3}, {J, 3}]]

Out[17]/MatrixForm=

e 0 1
0 -1 0
1 o o
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nig= (* LIE-Produkt-Tabelle =)
{MatrixForm[Table[Cross[m[[i]], m[[j]]1]1, {i, 3}, {3, 3}11,
MatrixForm[{{@, "p@", "g0"}, {"-pe", @, "px"}, {"-g0", "-px", @}}1}

0 1 0
) 0 i
0 1 )
-t 0 2 © pe go
) ) 0
om[wa]—{ 1 0 1 , | -p@ @ pwo
) 2 -g0 -po O
0 > 0
i 0 )
0 1 )
2

ni9)= (*Verbindungsgeraden [1,-1], [1,1i],[i,-1]%)
vgl := cg[1, -1]
vg2 :=cg[1, I]
vg3 := cg[I, -1]
vgi := cg[I, -I]
{vgl, vg2, vg3, vgi}
oufes- {{-1, @, 0}, {-i,1, i}, {-1, 1, -i}, {0, 0, —-i}}

ni24- qu2[gl_, g2_, X_, y_] := ComplexExpand[Im[gl.q[X, Y] * Conjugate[g2.q[X, y]1]11]
qu2::usage = "Hemitesche Form glag2(p(z),p(z))";
qu3[gl_, 82 ,83 ,X_,Yy_] :=
ComplexExpand[qu2[Cross[g2, g1], g3, X, y] +qu2[g2, Cross[g3, g11, X, Y]]
qu3::usage = "Hermitesche Form [gl,82+83]1= [g82,81]A83+82A[g3,81]1";

nee:- Factor[qu2[go, vgl, X, y]]

1
Out[28}= 5 y (1 +x2 y2>

ni29- bedl[gl_, g82_, 83_, X_, Y_] := ComplexExpand [
qu3[gl, gl, g2, x, y] /qu2[gl, g2, x, y] »qu3[g2, g2, g3, X, y] / qu2[g2, g3, X, y] -
qu3[g2, g1, g2, x, y] /qu2[gl, g2, X, y] »qu3[gl, g3, g1, x, y] /qu2[g3, g1, X, y]]

niso- bed3[gl_, g82_, 83_, X_, Y_] := ComplexExpand [
qu3[g2, g2, 83, X, y] /qu2[g2, g3, x, y] +qu3[gl, g2, 83, X, Y] / qu2[g2, g3, X, y] -
qu3[gl, g3, g1, X, y] /qu2[g3, g1, x, y] »qu3[g2, 83, g1, X, y] / qu2[g3, g1, X, Y]]
bed2[gl , g2 , g3_, Xx_, y_] := ComplexExpand [
(qu2[Cross[Cross([g3, g1], g2], 81, X, y] +qu2[Cross[g3, g1], Cross[gl, 821, X, y]) /
qu2([g3, g1, X, y] - (qu2[Cross[g2, g1], Cross[g3, 82], X, y] +
qu2[g2, Cross[Cross[g3, g2], gl], X, y]) /qu2[g2, g3, X, y]]

ni32- bed6Eck [g1l_, 82_, 83_, X_, y_] :=
bed1[gl, g2, g3, x, y] + bed2[gl, g2, g3, x, y] + bed3[gl, g2, g3, X, Y]
bed6Eck: :usage = "Sechseckbedingung fiir 3 Infinitesimale gi,g2,g3";
listBed6Eck([gl , g2 , 83 , X ,y ] :=
{bed1[gl, g2, g3, x, y], bed2[g1, g2, g3, x, y], bed3[gl1, g2, g3, X, y]1}
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nasi- (% Fall 2: kommutative Infinitesimale x)
quU2[EXp[I * a] »vgl, I *vgl, X, y]
Simplify [bed6Eck [EXp[I * a] * vgl, Exp[I » B] »vgl, EXp[I % y] vgl, X, y]]
Simplify[listBed6Eck [Exp[I * a] »vgl, EXp[I * 8] * vgl, Exp[I »y¥] »vgl, X, y]]

Cosfa] 1 , 1, 1, 1, 1,
out[3s5]= — + —Xx“Cos[a] - =x"Cos[a] - —y“Cos[a] - —x“y“Cos[a] - —y Cos[a]
4 2 4 2 2 4

out[36]- @

ous7- {0, 0, O}

nizei= (* Fall 3: 2 Pole Verbindungsgerade =)
Factor [ComplexExpand [bed6Eck [p@, g0, po, X, ¥]]11]
Simplify[listBed6Eck [p9, g9, pw, X, y]]
Factor [ComplexExpand [bed6Eck [p@, I x g0, po, X, Y111
Simplify[listBed6Eck[p@, I * g9, pwo, X, Y]]
Factor [ComplexExpand [bed6Eck [Exp[I » a] * p@, I » g0, po, X, Y]1]
(* fir ixg@: die parabolischen miissen einen Kreis gemeinsam haben x)
(» aber siehe Fall 4! «x)
Factor [ComplexExpand [bed6Eck[I  p@, I x g0, po, X, Y]11]
(» kein 6-Eck-Netz =x)

out[zgl= @

x2+y? 3x2+y?
Out[39]= {— N y X}
2 X 2 X

Out[40]= 0

x2+3y%  x2+3y?
Out[41]= {0, , - }

2y 2y
out42l- — ( ((x*+y?) sin[a] (2x°Cos[a]®+6x*y* Cos[a]® - 6x”y Cos[a]®Sin[a] +

12x3y3 Cos[a]?Sinf[a] -6xy° Cos[a]?Sin[a] +x® Cos[a] Sin[a]? +

| 3

15 x*y2 Cos [a] Sin[a]?-9x?y* Cos[a] Sin[a]?+y® Cos[a] Sinf[a]?-8xy? Sin[a]3>)/

(Zx2 (-xCos[a] +ySin[a]) (-2xyCos[a] -x*Sin[a] +yZSin[o<])2))

4 xy? (x2+y2)

Out[43]=
(x-y)? (x+y)?
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ni44-= (% Fall 4: 2 Pole, gilt nur fiir g0 elliptisch!x)
Factor [ComplexExpand [bed6Eck [EXp[I » a] * p@, 80, po, X, Y111
Simplify[listBed6Eck [Exp[I x a] * pO, g0, po, X, Y]]

out44]- @
y (X +y?)

Out[45]= { E)
-2xycCosfal + (-x*+y?) Sin[a]

-2y% (3x* +y?) Cos[a]®+8xy>Cos[a] Sin[a] + (x* - 5y*) Sin[a]?

)

2y (-2xyCos[al + (-x* +y?) Sin[a])

x2Sin[a] J
-2xCos[a] + ———— +3ySin[a] }

1
2 y

na4el= (* FAll 5 auch 2 Pole , mit Loxodromen =x)
Simplify[bed6Eck [EXp[I * a] * g0, g0, pO, X, y]]
Simplify[listBed6Eck [Exp[I x a] * g0, g0, pO, X, Y]]

outj46- @

(x*+y?) sin[a]? (x*+y?) sin[a]?

Out[47]= {0 B y - }

y (yCos[a] -xSin[a]) y (yCos[a] -xSin[a])

n4el= (* Fall 6 auch 2 Pole )
Simplify [bed6Eck[I x p@, I x g0, pO, X, Y]]
Simplify[listBed6Eck[I » p@, I » g0, pO, X, y]]

Out[48]= 0

x2 +y? x2+y
Out[49]= { y — ) 0}
2 X 2 X
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ns0= (* Fall 7 & 8: Drei Infinitesimale mit je einem gemeinsamen Pol,
einer oder alle 3 (gleichwinklige) Loxodrome x)
Simplify [bed6Eck [EXp[I * a] * vgl, vg2, vg3, X, y]]
Simplify[listBed6Eck [Exp[I » a] * vgl, vg2, vg3, X, y11;
(» sehr lange Terme und ldngere Rechenzeitenx)
Simplify [bed6Eck [EXp[I * a] * vgl, EXp[I * a] * vg2, EXp[I * a] * vg3, X, y]]
Simplify[listBed6Eck [Exp[I *x a] »vgl, EXp[I * a] * vg2, Exp[I xa] *vg3, X, Y]]

out[50]- @
out[52]- @

(1-2x+x*+y?) sin[2a]

Out[53)= { , (x5—4x3y—4xy (—1+y2) +

1+ %% +y?
3x* (m1-2y+y?) + (-1+y)? (1-3y-3y*+y?) +3x% (1+2y2 -4y +yt) -
3 (x6+x4 (-1-2y+3y?) + (-1+y-y?+y?) 2+ (—1+4y+2y2—4y3+3y4>) Sin[Za])/
((x*+ (-1+y)?) (-1+x%+y?) (1+2x+x*+y?)),
(—x6+4x3y+x4 (3+6y-3y?) +dxy (-1+y?) -
(-1+y)? (1-3y-3y*+y?) -3x% (1+2y* -4y’ +y*) +
2 (x5+x4 (-1-2y+3y?) + (-1+y-y2y?)? e (—1+4y+2y2—4y3+3y4>) Sin[Za])/

(<X2+ (—1+y)2) (—1+X2+y2) <1+2X+X2+y2>)}
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ns4- (% Fall 9: 3 Pole -1,1,I : i vgl, vg2, vg3, ixp[i] *)
Simplify[bed6Eck[I % vgl, vg2, vg3, X, y11]
Simplify[listBed6Eck[I » vgl, vg2, vg3, X, Y]]
Simplify[bed6Eck[I * vgl, vg2, I xp[I], X, y]]
Simplify[listBed6Eck [I » vgl, vg2, I xp[I], X, y]]
Simplify[bed6Eck[vg2, vg3, Ixp[I], X, y]]
Simplify[listBed6Eck[vg2, vg3, I xp[I], X, Y]]

out[s4]- @
Out[55]= {0,
(2 (x7+x6 (2—3y)+x5(—1+3y2)—(—1+y)4y(3+4y+3y2)—xz(—1+y)3<2+9y+9y2>+x4
(-4+3y+12y*-9y’) +x* (-1+2y?+3y*) +x (1+3y*-8y>+3y*+y%))) /
((x*+2x* (~1+y)y+ (-1+y)? (1+y)) (x*-dxy+ (-1+y)? (1+y?) +2%% (-1-y+¥y?))),
(2 () +x®(2-3y) +x° (-1+3y?) - (-1+y)ty (3+4y+3y?) -x® (-1+y)? (2+9y+9y?) +
P-a+3y+12y?*-9y?) X (m1+2y?+3yt) e x (1+3y° -8y + 3y +y®))) /(X
2x2 (m1+y)y+ (-1+y)3 (1+y)) <x4—4xy+ (-1+y)? (1+y2>+2x2 (—1—y+y2)>)>}
out[s6]= @

{1—2x+x2+y2

Outl57]= s (23X (m14y)Py-3x (-1+y)* (1+y)?+x® (6+y) +X° (-5+6y-9y?) -
“1+x2+y?
P(-1+y)? (5+6y+9y*) +3x% (-1+y)? (2+y y}) +x* (4-9y+6y*+3y*)) /
(x (-2x7+xt-2x (-1+y)?+2%% (m1+y) 2+ (m1+y)%) (m1+XP+y?)),
(2x" - (-1+y)°y-x® (2+y) +2x (-1+y)* ( +3y+y)+2x (-1+y)? (-1+4y+3y*) +
P (-2-2y+6y?) +xt (4-3y+2y*-3yP) -x? (-1+y)? (2+7y-4y*+3YP)) /
(x (-2x7+x*-2x (-1+y)?+2%% (-1+y) 2+ (-1+y)*) <71+x2+y2)>}
outs8]- @
8x (x*+ (-1+y)?) 8x (x*+ (-1+y)?)
out[59]= {0, - ’ }
XA (m1ey)te2x® (-1-2y YY) xAe (mlay)te2xP (-1-2y+y?)

neo-= (* Fall 10 ON-Basis Fall: 3 elliptische x)
Simplify[bed6Eck[g0, vgl, vgi, x, y]]
Simplify[listBed6Eck[g0, vgl, vgi, X, y]]

outjs0]= @

x*+2x2 (-3+y?) + (—1+y2>2 x*+2x% (-3+y%) + <71+y2)2

Out[61]= {@, y — }

2x (-1+x*+y?) 2x (-1+x*+y?)

ne2i= (* Fall 10 ON-Basis Fall: 1 hyperbolisch 2 elliptische =)
Simplify[bed6Eck[I x g@, vgl, vgi, x, y]]
Simplify[listBed6Eck[I » g0, vgl, vgi, X, y]]
Out[62]= 0
1+x4+6y2+y4+2x2(1+y2> 1+x4+6y2+y4+2x2(1+y2>

out[63]= {— B B 0}
2y(1+x2+yz) 2y(1+x2+yz)




ne4-= (* Fall 10 ON-Basis Fall: 2 hyperbolische 1 elliptisch x)
Simplify[bed6Eck [gI % g0, I % vgl, vgi, X, y]]
Simplify[listBed6Eck [I » g0, I »vgl, vgi, X, y]]

outje4]- @

Xt 2x2 (=3+y%) + (—1+y2)2 x*e2x? (=34y?) (—1+y2)2

out[65]= {0, - B }

2x (-1+x*+y?) 2x (-1+x*+y?)

nesi= (* Fall 10 ON-Basis Fall: 3 hyperbolische x)
Simplify [bed6Eck [I x g0, I *vgl, I xvgi, x, y]]
Simplify[listBed6Eck [I g0, I »vgl, I *vgi, x, y]]

outjs6l= @

x*+ 252 (-3+y?) + (—1+y2>2 x*+2x% (-3+y?) + (71+y2>2

out[67]= {— ) ) 0}

2x (-1+x*+y?) 2x (-1+x*+y?)

euklidKkOSFazitAlleFaelleSite.nb

| 7
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(» Test: mit Loxodromen zu einer ON-Basis, ein Beispiel x)
Simplify[bed6Eck[ (1 +I) *g0, (I-1) *vgl, (2+1I) »vgi, x, y]]
Simplify[listBed6Eck [ (1+I) »g0, (I-1) »vgl, (2+1I) *vgi, x, y]]

Ouf105)= (11x18—6x17y—12x15y (-9+4y?) +x™ (-92+87y?) - (-1+y?)° (y+y?)”-
12xPy (23-53y*+14y*) +4x™ (-217-180y* + 75y*) -6 xy (—1+y2>5 (1+7y*+7y*+y°) -
12x"y (75+50y* -129y* + 28y°) -12x”y® (425-39y? - 165y* +35y°) +
4x'? (23-343y*-596y* +147y°%) + X° (—1+y2)4 (11-124y®-94y*-132y°+3y®) -
12x%y (—1+y2>3 (-9-69y*-63y*+9y°+4y®) +
2™ (857 + 684 y” + 1830 y* - 2168 y° + 357 y°) +
4x* (-1+y?)?® (-23+479y%+ 543 y* + 512y - 230y® + 15y™°) -
12x"y (-75+742y* - 196 y® - 115 y® + 28 y*?) +
2x® (46 - 4695 y* + 354 y* + 5498 y° - 2340 y* + 273 y'°) -
12x°y (-23-275y® +522y° - 199 y® - 39y + 14 y*?) +
4x° (-217 + 296 y* - 2987 y* - 716 y° + 2581 y® - 748 y'° + 63 y“))/

X (~1ex2+y?) (c1+x*+12xy+2X2y2+y) 2 (33 x%y+y (“1+y?) +3x (1+y?))°
x|

ou{1061- {(lel—xmy—y (~1+y?)* (1+y?) +2%° (-1345y2) +
x8 (19y—5y3>+2x<—1+y2)3(1+6y2+y4>—2x6y(33—30y2+5y4)—
xzy(—1+y2)2<—19—18y2+5y4)+4x7(—7—18y2+5y4>—2x4y(33+43y2—33y4+5y6>+
4x° (7-45y*-15y*+5y°) +2x° (13+76y2—90y4—4y5+5y8)>/

(x (~1+x?+y?) (m1+x?+12xy+2x2y? +yt) (33 +xPy+y (-1+y?) +3x (1+y%))),

—((x8+4x6(—9+y2)+(71+y2>2<1+6y2+y4)+
x4<—74—68y2+6y4)+4x2<—9—57y2—7y4+y6>)/

((-1+x*+12xy+2x2y?+y*) (33 +xPy+y (-1+y?) +3x(1+y2)))),

(4 (2x15—x1“y+2x13 (-15+7y?) +x* (y-7y?) +2x* (-131-96y* + 21 y*) +
xle(—141y+2y3—21y5>—y(—1+yz)4(1+7y2+7y4+y6)—5x8y(87+81y2+y4+7y6)—
x2y<—1+y2)3(1+21y2+35y4+7y6>+x9(—230—546y2—510y4+79y6>+
2x(—1+y2>3(1—18y2—22y4—18y6+y8)—x6y(435+1460y2+354y4+20y6+35y8)+x7

(230 + 496y +4y*-720y° + 70 y®) - x*y (141 +1025y” + 1050 y* + 42 y® + 25y® + 21 y*?) +
x* (262 -726y* + 516 y* + 668 y° - 570 y* + 42 y*?) +
2x3 (15—120y2+195y4—112y6+225y8—120y10+7y12>))/

(<71+x4+12xy+2x2y2+y4>2 (3x+x?y+y (-1+y?) +3x (1+y2))2)}

In[69]:=
In[70]:=
In[71]:=
In[72]:=

In[73]:=
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In[74]:=
In[75]:=
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In[79]:=
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In[81]:=
In[82]:=
In[83]:=
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In[85]:=
In[86]:=
In[87]:=
In[88]:=
In[89]:=
In[90]:=
In[91]:=
In[92]:=
In[93]:=
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In[100]:=
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